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We propose a new type of momentum spectrometer, which uses the RB drift effect to disperse the
charged particles in a uniformly curved magnetic ﬁeld, and measures the particles with large phase
space acceptance and high resolution. This kind of RB spectrometer is designed for the momentum
analyses of the decay electrons and protons in the PERC (Proton and Electron Radiation Channel) beam
station, which provides a strong magnetic ﬁeld to guide the charged particles in the instrument. Instead
of eliminating the guiding ﬁeld, the RB spectrometer evolves the ﬁeld gradually to the analysing ﬁeld,
and the charged particles can be adiabatically transported during the dispersion and detection. The
drifts of the particles have similar properties as their dispersion in the normal magnetic spectrometer.
Besides, the RB spectrometer is especially ideal for the measurements of particles with low momenta
and large incident angles. We present a design of the RB spectrometer, which can be used in PERC.
For the particles with solid angle smaller than 88 msr, the maximum aberration is below 104.
The resolution of the momentum spectra can reach 14.4 keV/c, if the particle position measurements
have a resolution of 1 mm.
& 2012 Elsevier B.V. Open access under CC BY-NC-ND license. 1. Introduction
The beam station PERC (Proton and Electron Radiation Channel)
[1] for the experiments of free neutron b decay is under develop-
ment [2], as the successor of PERKEO [3], PERKEOII [4–8], and
PERKEOIII [9], which measured the angular correlation coefﬁcients
A, B, and C in the free neutron decay.
The motivation of PERC is to supply an intense beam of well-
deﬁned electrons and protons (e/pþ) from free neutron decay.
With the general-purpose e/pþ-beam, various quantities related
to the physics in and beyond the Standard Model can be
measured [10–14].
PERC provides in the instrument a neutron decay volume,
where the free neutrons are imported and decay into charged
electrons, protons, and neutral electron anti-neutrinos. With a
series of coils, a speciﬁed static magnetic ﬁeld is applied in the
instrument. The charged decay e/pþ spiral along the magnetic
ﬁeld lines, and are guided from the decay to the detection area.
Fig. 1 sketches the principle of PERC.
The neutron decay volume has a magnetic ﬁeld of B0¼1.5 T.
After the decay volume, a magnetic ﬁeld barrier B1¼6 T is applied.
The e/pþ particles propagate adiabatically in PERC, hence the
pitch angles of them, i.e., the angles between the particleC-ND license. momentum p and the magnetic ﬁeld B, fulﬁl
sin y0
sin y1
¼
ﬃﬃﬃﬃﬃ
B0
B1
s
: ð1Þ
Therefore, only the e/pþ with pitch angles at B0 smaller than
the critical angle yc can pass through the B1 ﬁeld barrier
y0ryc ¼ arcsin
ﬃﬃﬃﬃﬃ
B0
B1
s
 sin 901
 !
¼ 301: ð2Þ
After the B1 barrier, the guiding ﬁeld is gradually decreased to
B2¼0.5 T at the detection area, where the e/pþ particles can be
processed and measured.
As for the measurements of the particles, the loss free energy
spectroscopy for electrons has been demonstrated in Refs. [3,15].
While in the experiments with PERC, a spectrometer for the e/pþ
momentum measurements besides the energy sensitive detector is
desired. The principle of a normal magnetic spectrometer after
PERC is sketched in Fig. 2.
At the end of PERC, the magnetic spectrometer must ﬁrstly
shield the guiding ﬁeld B2, and apply a vertical analysing magnetic
ﬁeld B3. The incident e
/pþ from PERC pass through a small
aperture, then disperse in the B3 ﬁeld. The position sensitive
detectors for electrons and protons are placed on both sides of
the incident window. The dispersion distance of a particle in the
Fig. 1. The principle of the PERC beam station. The charged decay e/pþ are
guided by a magnetic ﬁeld from the decay volume to the detection area.
Fig. 2. The principle of a magnetic spectrometer, that is attached to the exit
of PERC.
Fig. 3. Sketch of e/pþ motions in the drastically decreased B2 ﬁeld. In adiabatic
transports, the particles follow the magnetic ﬁeld lines to vertical directions.
While in non-adiabatic transports, the e/pþ are bended in the vertical ﬁeld. In
both cases the pitch angles of the particles are highly distorted.
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Dðp,yÞ ¼ 2 p
qB
 f ðyÞ with f ðyÞ ¼ cos y; ð3Þ
where p and q are the momentum and charge of the particle, y is its
incident angle according to the normal of the detector plane.
Compared with the energy resolving detectors, the magnetic
spectrometer is versatile, that it can realize various measure-
ments in PERC [1], also detect the electrons and protons at the
same time. Technically, the position sensitive detectors highly
suppress the backscattering problem of e/pþ and the g back-
ground. The momentum spectrum of the decay electrons has
higher resolution in the low energy scale, thus is especially
needed for the estimation of the Fierz interference term bF in
the neutron decay [10].
However, because of the strong magnetic guiding ﬁeld of PERC,
we found difﬁculties in the design of the magnetic spectrometer.
The spectrometer has to drastically decrease the guiding ﬁeld B2
to zero at the incident window, whereas the magnetic lines do not
vanish, but spread in vertical directions. When the e/pþ pass the
vertical ﬁeld, the pitch angles of them are highly distorted either
in adiabatic or in non-adiabatic transports, as shown in Fig. 3.
The distortion of the e/pþ pitch angles strongly depends on
the ﬁeld distribution and the e/pþ momenta, thus are neither
predictable nor controllable [16]. Therefore, the distribution of
the particles in the spectrometer can hardly represent their
momenta.
In this case, we propose a method of RB drift momentum
spectrometer, which can realize the momentum analyses of the
e/pþ without eliminating the guiding ﬁeld of PERC.
In Section 2, we introduce the principle of the RB spectro-
meter. The systematic corrections of the particle distribution
are stated in Section 3. The transfer function of the particles is
discussed in Section 4.2. Principle of the RB drift momentum spectrometer
When a charged particle propagates in a curved magnetic ﬁeld,
it has the drift effect perpendicular to the magnetic ﬁeld B and the
ﬁeld curvature R, so called as the RB drift. The drift velocity
vd of the ﬁrst order can be expressed as [17]
vd ¼
m
qRB
v2J þ
1
2
v2?
 
R  B
RB
ð4Þ
where m is the mass of the particle, vJ and v? are the velocity
components parallel and vertical to the magnetic ﬁeld line. In a
static magnetic ﬁeld, the velocity components can be expressed
with the absolute velocity v and the pitch angle y
vJ ¼ v  cos y, v? ¼ v  sin y: ð5Þ
Suppose that we apply a uniformly curved magnetic ﬁeld, with
the curvature R and the ﬁeld strength B as constants, then the
curved magnetic ﬁeld lines are distributed parallely and coaxially,
as shown in Fig. 4.
According to Eq. (4), the drift velocity vd is a constant in the
uniformly curved magnetic ﬁeld, and the higher order contribu-
tions induced by _vd are zero [18–20]. During a propagating time
of T, the drift distance D of a particle is
Dðp,yÞ ¼
Z
T
vd dt¼
p
qB
 a  f ðyÞ; ð6Þ
where a is the bending angle of the route of the particle gyration
center during the time T
a¼ vJT
R
ð7Þ
as marked in Fig. 4. f ðyÞ is a factor related to the particle pitch
angle
f ðyÞ ¼ 1
2
cos yþ 1
cos y
 
: ð8Þ
Compare Eq. (6) with Eq. (3), the behaviour of the RB drift is
similar to that of the particle dispersion in the magnetic spectro-
meter. The drift or the dispersion distances in both cases are
proportional to the particle momentum, and inversely propor-
tional to the analysing magnetic ﬁeld and the particle charge.
With this principle, we propose a design of the RB drift
momentum spectrometer, as shown in Fig. 5.
At the beginning of the RB spectrometer, we apply several
connected coils to gradually decrease the guiding ﬁeld of PERC
from 0.5 T to 0.15 T, with the ﬁeld gradient satisﬁes the adiabatic
condition of e/pþ transports. After that a series of tilted coils
generates a 1801 bended magnetic ﬁeld. Along the central line of
the tilted coils, the curvature of magnetic ﬁeld line is R0¼40 cm,
and the ﬁeld strength is kept as B3¼0.15 T. Fig. 6 plots the
magnetic ﬁeld from the end of PERC to the RB spectrometer
detector.
At the beginning of the tilted coils, we apply an aperture
of 11 cm2 to deﬁne the size of the incident e/pþ-beam.
Fig. 5. The design of the RB drift spectrometer at the end of PERC, and the
simulated trajectories of e/pþ .
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Fig. 4. Sketch of the principle of the RB drift spectrometer, in which a uniformly
curved magnetic ﬁeld B3 is generated. The magnetic ﬁeld lines are distributed
parallely and coaxially, and are bended by an angle of a.
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lines, and turn 1801 then reach the detector on top. During the
propagation, they drift along the x-axis according to their charges
and momenta. Fig. 7 shows the simulated dispersion of electrons
and protons in the RB spectrometer.Hence the RB drift spectrometer, instead of eliminating the
guiding ﬁeld of PERC, evolves the ﬁeld smoothly and gradually to
the analysing magnetic ﬁeld. The charged particles can be
transported adiabatically during the processes, and their angular
information can be kept and measured.
Table 1 lists the parameters of the standard conﬁguration of
the RB spectrometer design.
w and h in Table 1 are the width and height of the aperture
along the x- and y-axes. ymax and rmax are the maximum pitch
angle and gyration radius of the decay e/pþ in the B3 ﬁeld
0ry3rymax ¼ arcsin
ﬃﬃﬃﬃﬃ
B3
B1
s
, 0rrrrmax ¼
pmax
qB3

  sin ymax; ð9Þ
where pmax¼1.19 MeV/c is the maximum momentum of e/pþ
from the free neutron decay [21].
With the standard conﬁguration, the maximum drift Dmax for
pmax is 8.29 cm.3. Corrections on RB drift spectrometer
In the RB spectrometer, the particle distribution on the
detector is inﬂuenced by the properties of the particles and the
instrument.
3.1. e/pþ pitch angle y
Compare Eq. (8) with Eq. (3), both the drift and the dispersion
have corrections related to the pitch (incident) angle y. However,
because of the presence of the v? component in RB drift in
Eq. (4), the inﬂuence of the correction factor f ðyÞ in the RB
spectrometer is much smaller than that in the dispersive magnetic
spectrometer. In Fig. 8, the magnitudes of both correction factors
are plotted.
For yr9:61, i.e., the solid angle less than 88 msr, the f ðyÞ in the
RB drift is negligible as less than 104 deviated from 1, while
the deviation in the magnetic spectrometer is 1.4102. Hence
the RB spectrometer has large acceptance of e/pþ incident
angles, which is a signiﬁcant advantage.
3.2. Gyration radius r and aperture width w
In the RB spectrometer, the gyration radii of the particles
remain during the drifts and the detection. For a given momentum,
the maximum gyration radius of the particles is
rcðpÞ ¼ p
qB3

  sin ymax: ð10Þ
Through the aperture, the size of the e/pþ-beam on the
detector will be
Se=pþ -beam ¼W  H¼ ðwþ4rcðpÞÞ  ðhþ4rcðpÞÞ ð11Þ
as sketched in Fig. 9(a). Therefore, the maximum deviation
induced by the gyration radius rc relative to the drift D is
4rcðpÞ
Dðp,y3Þ
¼ 4a
sin ymax
f ðy3Þ
 4a 
ﬃﬃﬃﬃﬃ
B3
B1
s
: ð12Þ
3.3. Beam height H and curvature R
In the curved magnetic ﬁeld, the ﬁeld strength has a gradient
along R
r  B¼ 0, B3  R0 ¼ B  R: ð13Þ
B3 and R0 are the ﬁeld strength and the curvature along the
central line of the tilted coils. The particles at different positions
Fig. 7. The front view of the simulated electron and proton trajectories in the RB spectrometer. The colours of the trajectories denote the particle momenta, that are
arranged continuously from 0 to 1.19 MeV/c: (a) electrons and (b) protons.
Table 1
Parameters of the standard conﬁguration of the RB drift spectrometer.
Parameter Comment Value
B3 Analysing ﬁeld 0.15 T
R0 Field line curvature 40 cm
w Aperture width 1 cm
h Aperture height 1 cm
a Bending angle p
ymax Max. pitch angle 9.11
rmax Max. gyration radius 0.42 cm
Dmax Max. drift 8.29 cm
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drift
D¼ p
qB3
 a  f ðy3Þ 
R
R0
¼D0
R
R0
¼D0
R0þy
R0
; ð14Þ
where y is the vertical position of the particle on the detector
relative to the beam center. The maximum deviation of the drift is
DD
D0
¼ hþ4rc
R0
¼ H
R0
: ð15Þ
Hence the e/pþ-beam height relative to the ﬁeld curvature
H/R0 tilts the particle distribution on the detector, as sketched in
Fig. 9(b). For a detector only sensitive to the x-position, the
measured particle distribution is widened.3.4. Particle distribution on the detector
The dispersion of the particles in the drift spectrometer is
mainly inﬂuenced by the systematics of w, r, and H. Fig. 9 shows
the sketchy distribution of electrons on the detector affected by
these factors.
Fig. 9. Sketches of the electron pattern on the detector with discrete momenta, inﬂuenced by w, r, and H. pmax denotes the maximum electron momentum in free neutron
decay: (a) electron distribution inﬂuenced by w and r and (b) electron distribution inﬂuenced by H.
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X. Wang et al. / Nuclear Instruments and Methods in Physics Research A 701 (2013) 254–261258Fig. 10 shows the simulated distributions of electrons on the
detector, with discrete momenta from 0 to 1.19 MeV/c.
The deviation of the drift caused by w is a constant, while that
induced by r and H are proportional to the drift distance. Hence at
the low momentum range, the RB spectrometer has better
performance.
Furthermore, in normal magnetic spectrometer, the particles
with very small momenta cannot be totally measured if their
dispersion distances are smaller than the aperture width Dow.
While as shown in Fig. 10, the RB spectrometer does not have
this limit. It can measure the full range of the momentum even
when p-0.4. Transfer function
The motions of the e/pþ particles in the RB spectrometer
are clearly deﬁned during the drift processes. The transfer func-
tion, i.e., the relation between the momentum spectrum F(p) and
the particle distribution on the detector G(x), can be calculated
and used in the data analyses. In this section, we discuss the
transfer function including the corrections of r, w, and H. The
negligible correction f ðyÞ is not considered here. And the higher
order contributions, e.g., the R deviation induced by vd, the r
deviation induced by the B3 gradient along R, are not taken into
account in the transfer function.
4.1. Particle distribution from point source
We assume that the e/pþ are homogeneously emitted in the
decay volume of PERC. In addition, the size of the e/pþ-beam atthe end of PERC is much larger than the size of the aperture’s open
window. Therefore, the particles that pass through the aperture
can be treated as emitting from the open window of the aperture.
For the particles emitted from a point source at position x¼0
with given momentum and pitch angle, their distribution along
the x-axis is given as [22]
gðx,p,y3Þ ¼
1
p2rðp,y3Þ
K 1 x
2
4r2ðp,y3Þ
 
; ð16Þ
where K denotes the complete elliptical integral of the ﬁrst kind.4.2. Angular distribution of particles in B3 ﬁeld
If we apply unpolarized neutrons in PERC experiments, then
the e/pþ are isotropically emitted in the decay volume [10].
Their angular distribution in the ﬁeld B0 is
W0ðy0Þ ¼
dN
dy0
¼ 1
2
sin y0: ð17Þ
With Eq. (1), when the particles propagate from B0 to B3, their
angular distribution is transformed to
Wðy3Þ ¼
dN
dy3
¼ 1
2
B0
B3
sin y3 cos y3ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1B0
B3
sin2 y3
r with 0ry3rymax: ð18Þ
If the aperture is sufﬁciently thin, it does not distort
the angular distribution of the particles. We integrate Eq. (16)
over y3, the particle distribution along the x-axis from a point
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Lðx,pÞ ¼
Z ymax
0
Wðy3Þ  gðx,p,y3Þ dy3: ð19Þ
Fig. 11 plots the distribution L(x,p) of particles in the B3 ﬁeld
with different momenta.
4.3. Transmission function of aperture
Since the distance from the aperture to the detector is much
longer than the helical pitches of the particles, we assume that
the particle distribution on the detector from any point in the
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TðxÞ ¼
1, w=2rxrw=2,
0, xow=2, x4w=2:
(
ð20Þ
We treat the particles as emitted from the aperture’s open
window. On the detector, the particles then have a distribution of
P x,pð Þ ¼
Z
T x0ð ÞUL xx0,pð Þdx0 ð21Þ
which is the convolution of the aperture function T(x) and the
distribution L(x,p) of a point source.4.4. Correction of beam height H
For the correction of beam height H, we consider the particle
distribution along the y-axis. For simplicity, we use the condition
w¼h, so the distribution along the y-axis is the same as Eq. (21),
i.e., P(y,p). Since the factor H/R0 tilts the particle distribution on
detector, P(y,p) is projected on the x-axis. According to Eq. (14),
the projection can be written as
Q ðx,pÞ ¼ R0
DðpÞ  P
x  R0
DðpÞ ,p
 
: ð22Þ4.5. Transfer function
All together, we take the corrections related to r, w, H, as well
as the drift D(p) into account. The total transfer function is then
the convolution of the distributions in Eqs. (21) and (22)
M x,pð Þ ¼
Z
P x0,pð ÞUQ xDðpð Þx0,pÞdx0 ð23Þ0 2 4 6 8 10
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te discrete momentum and position distribution same as shown in Fig. 10. (c) and
their position distribution.
Table 2
Estimated maximum correction sizes on the e/pþ particles dispersion in the
RB spectrometer.
Correction Comment Max. Size
4rc/D Gyration radius 2.0101
w/Dmax Aperture width 1.2101
H/R0 Aperture height 6.7102
DB3 Field homogeneity 8103
f ðymaxÞ Incident angle 8105
X. Wang et al. / Nuclear Instruments and Methods in Physics Research A 701 (2013) 254–261260For a given momentum spectrum F(p), the particle distribution
on the detector can be derived
GðxÞ ¼
Z pmax
0
Mðx,pÞ  FðpÞ dp: ð24Þ
Fig. 12 shows examples of given momentum spectra F(p) and
the resulted G(x) from Eq. (24).
In experiments, G(x) can be measured by position sensitive
detectors. To evaluate F(p) from Eq. (24), which is the Fredholm
integral equation of ﬁrst type, a numerical method is used
to convert the integral into the quadrature calculation, the F(p)
and G(x) into arrays, thus convert the kernel function M(x,p)
into a square matrix [23,24]. The transfer function then can be
written as
G¼M  F ð25Þ
and the momentum spectrum F can be evaluated
F¼M1  G: ð26Þ
In this case, the G and F have the same number of rows, thus
the same resolution. In the standard conﬁguration, if G has a
resolution of 1 mm, the momentum spectrum F can reach a
resolution of 14.4 keV/c.5. Conclusion
The RB drift spectrometer offers the opportunity of momen-
tum measurements of charged particles in the instrument with
guiding ﬁelds, in which case the normal magnetic spectrometers
cannot work well. In this proposed drift spectrometer, the guiding
ﬁeld is not eliminated, but gradually evolved to the analysing
ﬁeld. The drifts of the particles in the uniformly curved magnetic
ﬁeld have similar behaviours as in the normal dispersive mag-
netic spectrometer.
As a conclusion, the RB spectrometer has the advantages: Adiabatic transports of particles. As shown in Fig. 6, from the
guiding ﬁeld to the detector of the RB spectrometer, the
charged particles can be adiabatically transported. The angular
distribution of the particles can be kept and measured. Low momentum measurements. As shown in Fig. 10, the
particles with very small momentum p-0 can be measured
in the RB spectrometer, while they cannot be totally
detected in normal magnetic spectrometer if their dispersion
Dow. Large acceptance of incident angle. As shown in Fig. 8, when
yr9:61, corresponding to 88 msr solid angle, the direct
aberration induced by the e/pþ incident angle is very small
as less than 104.
As a conceptual design of RB spectrometer, the particle
drifts are considerably inﬂuenced by the systematics related toboth the instrument and the particle properties. Table 2 lists the
maximum sizes of the corrections in the standard conﬁguration.
However, the motions of the e/pþ particles are clearly
deﬁned during the drifts, thus the transfer function of the
particles can be well known. Experimentally, one is able to ﬁt
the momentum spectrum F(p) to the measured particle distribu-
tion G(x), or numerically evaluate F(p) from G(x). In the standard
conﬁguration, if the position sensitive detector has a resolution of
1 mm, the momentum spectra can reach a resolution of 14.4 keV/
c. Additionally, by performing detector calibration with deﬁned
particle sources, the systematic errors can be controlled at
low level.
Besides, there is also room for improvement of the RB
spectrometer design. For further development, we can decrease
the corrections, e.g., by optimizing the bending angle a, the
curvature R, and the analysing magnetic ﬁeld B3. The transfer
function in this paper only considers the motions of the e/pþ
particles to the ﬁrst order. The higher order contributions, e.g., the
acceleration _vd, the deviation of curvature R induced by the drift
D, are small but complicated [19,20]. More accurate transfer
function can be calculated, and results in two-dimensional
particle distribution on detector. In the area of large acceptance
magnetic spectrometer, we notice that the differential algebraic
techniques are applied in the calculation of non-linear aberrations
[25,26]. In future investigation, the transfer function can also be
determined numerically with the desired precision, expected to
be less than 102 aberrated.Acknowledgements
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